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INTRODUCTION
A compelling solution to the dark matter problem requires synergistic progress along many lines of inquiry. Especially
the diversity of possible dark matter candidates requires a balanced program based on four pillars: direct detection
experiments that look for dark matter interacting in the laboratory, indirect detection experiments that connect lab
signals to dark matter in our own and other galaxies, collider experiments that elucidate the particle properties of dark
matter, and astrophysical probes sensitive to non-gravitational interactions of dark matter such as dark matter densities
in the centers of galaxies and cooling of stars.
At colliders, it is generally believed that missing energy signatures offer the best bet for discovering new physics
beyond the Standard Model. This belief is reinforced by the dark matter puzzle. However, at hadron colliders the total
energy and longitudinal momentum of the event are unknown. Therefore, the production of any invisible particles can
only be inferred from an imbalance in the total transverse momentum. The measured missing transverse momentum,
/~pT , then gives the sum of the transverse momenta of all invisible particles in the event. Unfortunately, /~pT is the only
measured quantity directly related to the invisible particles. Without any further model-dependent assumptions, it is
in general very difficult, if not impossible, to make any definitive statements about the nature and properties of the
missing particles.
In this article, we review some of various proposed kinematic methods for measuring properties of dark matter at
the LHC. The main advantage of the kinematic approaches is that they make very few assumptions about the details of
the underlying physics model (gauge groups, spins etc). This means that they can provide rather robust information,
and act as the first step towards understanding the underlying theory. Often the kinematic method is considered merely
as a method to measure masses of particles. This is a completely wrong prejudice. The kinematic method is basically
parameter estimation and discovery techniques. Finding sensible variables buys more than just mass measurements,
e.g., signal sensitivity and background rejection. There are many types of technique depending on different levels of
outcome. Some require few assumptions ( /ET , Meff, HT ,
√
sˆmin, · · · ) while some require many (polynomial constraints,
cross section method, max likelihood/matrix element method · · · ). The former is relatively easy to implement and
robust but lead to somewhat vague conclusions. The latter is hard to implement and fragile but provides specific
conclusions. Therefore the best interpretation would require the balance of benefits. For a given topology/hypothesis,
one must impose some interpretation, and design the variable to suit the interpretation. In what follows we will discuss
proposals for determining dark matter properties such as mass, spin and stabilizing mechanism.
MASSES
There are several questions regarding determination of masses (see [1, 2] for detailed review and more references.).
First of all, without any apparent missing particles, it is relatively easy task since one can reconstruct whole system of
particles. Although there still might be some combinatorial issues with many particles, in principle, the mass can be
determined from invariant mass. A non-trivial question is mass determination in the presence of one missing particle.
One assumes that missing transverse momentum mainly results from a missing particle. Occasionally it is possible to
reconstruct masses even in this case. Examples include W decay to a lepton plus a neutrino and semi-leptonic decay
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of tt¯ system. The former example benefits from properties of transverse mass while the latter uses invariant masses of
W and t.
A problematic case is mass determination in the presence of two (or more) missing particles. In fact, many theories
beyond the Standard Model are grouped into this case, which makes the task important and a high priority. Those
massive missing particles are potential candidates for dark matter particles. So essentially we are looking for methods
to weigh dark matter particles. During the last decade or so, there have been several attempts to answer this question
and some well known methods are the following.
• I. Endpoint methods. These rely on the kinematic endpoints [3, 4, 5, 6, 7, 8] or shapes [9, 10] of various invariant
mass distributions constructed out of the visible (SM) decay products in the cascade chain.
• II. Polynomial methods. Here one attempts exact event reconstruction using the measured momenta of the SM
particles and the measured missing transverse momentum [11, 12, 13, 14].
• III. MT 2 methods. These methods explore the transverse invariant mass variable MT 2 originally proposed in [15]
and later used and developed in [16, 17, 18, 19, 20]. Recently it was shown that under certain circumstances,
the endpoint of the MT 2 distribution, when considered as a function of the unknown test mass of the lightest
new particle, exhibits a kink whose location is given by the true masses of daughter and mother particles
[19, 21, 22, 23].
• IV. Hybrid methods. One could also combine two or more of these techniques into a hybrid method, e.g. a
mixed polynomial and endpoint method [24], a mixed MT 2 and endpoint method [25, 26], or a mixed MT 2 and
polynomial method [27, 28].
• V. Global variables and others. More recent ideas include a new global and inclusive variable [29, 30], energy
peaks [31, 32], cusp structure [33, 34], and singularity in multi-dimensional phase space [35]. See Refs. [1, 2] for
a complete list of references.
Each of these methods has advantages and disadvantages, depending on which process is considered. For instance,
invariant mass method (endpoint method) uses a decay of one side only and does not usually consider the decay of
the other side. Therefore one can try to optimize discovery potential or measurement by properly choosing the other
side of decays. Also it does not require pair production of the same mother particle. Longer cascade decays are better
since they provide more constraints. On the other hand, the polynomial method uses both sides of decay and, in fact,
requires them to be identical and the length (n) of the decay chains long enough to get sufficient constraints. If not,
adding the next event helps to increase constraints, assuming two events have the same topology. Due to long cascade
decay, often the corresponding branching fraction is found to be small and one may have severe combinatorial issues.
Nevertheless, this method can result in the exact momenta of missing particles, if a solution exist.
The standard (traditional) definition of MT 2 requires the same mothers and the same daughters, although interme-
diate particles between the mother and the daughter can be different. The advantage of this method is that it is useful
to extract a mass relation between mother and daughter, or in principle, both masses at once [36], in the case of short
decay chain. Left panel in Fig. 1 reveals that the endpoint method cannot succeed unless n≥ 3, where n is the number
of two-body decays. This conclusion has already been confirmed by numerous studies of various low-energy SUSY
models, where one considers a decay chain of sufficient length: n = 3 as in the squark decay, or n = 4 as for a gluino
chain [8]. On the other hand, if n = 1 or n = 2, with this method we are unable to pin down all of the new particle
masses, even as a matter of principle. These are exactly the cases where the additional information from mass mea-
surements at future lepton colliders has been seen as extremely useful. We see that for n≤ 3, the MT 2 method is by far
the most powerful, and more importantly, it is the only method which is able to handle the problematic case of n = 2!
MT 2 methods are especially useful for shorter decays (n≤ 2). End point of MT 2 distribution as a function of a trial
mass exhibits an interesting kink structure, that is useful for determination of masses of mother and daughter particles.
The first type of kink arises when considering more than one visible particle, whose invariant mass varies event by
event. The second type shows up when system of two mother particles are boosted due to initial state radiation (ISR).
The stronger ISR returns more pronounced kink structure. The last one is from decays of particles, which are heavier
than dark matter candidate.
which allows simultaneous determination of all particles involved in the decay chain.
The right panel of Fig. 1 shows various kinematic methods for measuring masses and spins, depending on level
of their assumptions. Many of these existing mass measurement variables proposed for hadron colliders are far more
closely related to each other than is widely appreciated, and indeed can all be viewed as a common mass bound
specialized for a variety of purposes [2].
Some methods (no way to include all)
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FIGURE 1. (left) The dependence of the number of undetermined parameters (Np −Nm) as a function of the number n of
intermediate heavy resonances in the decay chains of the same mother, for various mass determination methods: MT 2 method
(green, open squares), endpoint method (red, open circles), polynomial method for Nev = 2 (blue, × symbols), or a hybrid method
which is a combination of the latter two methods (magenta, ⊗ symbols). Within the yellow-shaded region the number of unknowns
Np does not exceed the number of measurements Nm for the corresponding method, and the mass spectrum can be completely
determined. Taken from Ref. [23]. (right) Various kinematic methods for mass and spin determination.
SPINS AND COUPLINGS
Invariant mass method: It is now very well known that the kinematic endpoints in the invariant mass distributions
give relations between masses of particle involved in the cascade decay and their shapes share spin information
[37, 38, 39, 40]. Recently in Ref. [10], it was discussed that the invariant mass distributions not only have spin
information but also have information of some combination of couplings and mixing angles, which make it more
difficult to extract spin information out of shape of invariant distributions. This can be best illustrated with an example.
Consider the three-step decay chain shown in Fig. 2, which is typical in both Universal Extra Dimensions (UED) and
SUSY models. The measured visible decay products are a jet j and two opposite sign leptons `+ and `−, while the
end product A is invisible in the detector. Given this limited amount of information, in principle there are 6 possible
spin configurations for the heavy partners D, C, B and A: SFSF , FSFS, FSFV , FV FS, FV FV , and SFV F , where S
stands for a spin-0 scalar, F stands for a spin- 12 fermion, and V stands for a spin-1 vector particle. The main goal of
the invariant mass analysis is to discriminate among these 6 possibilities, and in particular between SFSF (SUSY) and
FV FV (UED).
Unfortunately the invariant mass distributions are also affected by a number of additional factors, which have
nothing to do with spins, such as: the chirality of the couplings at each vertex [10]; the fraction of events f in which
the cascade is initiated by a particle D rather than its antiparticle D¯; and finally, the mass splittings among the heavy
partners [37]. Therefore, in order to do a pure and model-independent spin measurement, one has to somehow eliminate
the effect of those three extraneous factors. Most likely the masses of A, B, C and D can be determined ahead of time, by
measuring the kinematic endpoints of various invariant mass distributions [3, 6, 7, 8], or through a sufficient number of
transverse mass measurements [15, 23]. But we are still left with a complete lack of knowledge regarding the coupling
chiralities and particle fraction f . In spite of this residual ambiguity, the spins can nevertheless be determined, at least
as a matter of principle [10]. To this end, one should not make any a priori assumptions and instead consider the most
general fermion couplings at each vertex in Fig. 2 and any allowed value for the parameter f . Then, the invariant
mass distributions should be used to make separate independent measurements of the spins, on one hand, and of the
couplings and f fraction, on the other.
Given the three visible particles from the decay chain of Fig. 2, one can form three well-defined two-particle
invariant mass distributions: one dilepton (`+`−), and two jet-lepton ( j`+ and j`−) distributions. For the purposes
of the spin analysis, it is actually more convenient to consider the sum and the difference of the two jet-lepton
distributions. The shapes of the resulting invariant mass distributions are given schematically by the following formulas
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Fig. 16.3. The typical cascade decay chain under consideration in this section. At
each vertex we assume the most general coupling (see Sec. (55) for the exact defi-
nitions).
In each of Figs. 16.4, 16.5, 16.6, 16.7 the solid (magenta) lines in each
panel represent the input invariant mass distribution (L+S , S
+
S or D
+
S , as
appropriate) from our simulated data, for each of the 6 spin configurations:
a) SFSF; b) FSFS; c) FSFV; d) FVFS; e) FVFV; f) SFVF. The other (dotted
or dashed) lines are our best fits to this data, for each of the remaining 5
spin configurations from Table 1. The color code is the following. If the
trial model fits the input data perfectly, we use a dashed (green) line. If
the fit fails to match the input data, we use (color-coded) dotted lines. The
best fit values of , and for each case are also shown, except for those cases
(labeled by NA) where they are left undetermined by the fit. Dotted lines
of the same color imply that they are identical to each other, yet different
from the input data.
16.3.2 Level 2 resonances
In Fig. 16.8 we plot the total integrated luminosity L (in fb−1) required for a
5σ excess of signal over background in the dielectron (red, dotted) or dimuon
(blue, dashed) channel, as a function of R−1. In each plot, the upper set of
lines labeled DY makes use of the single V2 production only, while the lower
set of lines (labeled All processes) includes indirect γ2 and Z2 production
from n = 2 KK quark decays. The red dotted line marked FNAL in the
upper left corner of (a) reflects the expectations for a γ2 → e+e− discovery
at the Tevatron in Run II. The shaded area below R−1 = 250 GeV indicates
the region disfavored by precision electroweak data.
FIGURE 2. The typical UED or SUSY cascade decay chain under consideration. At each vertex, the most general fermion
couplings are assumed (see Ref. [10] for the exact definitions).
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where the functions F , given explicitly in [10], are known functions of the masses of particles A, B, C
and D. As indicated by the index S, there is a separate set of F functions for each spin configuration:
S = {SFSF,FSFS,FSFV,FV FS,FV FV,SFV F} . Thus the functions F contain the pure spin information. On
the other hand, the coefficients α , β and γ encode all of the residual model dependence, namely the effect of the
coupling chiralities and particle-antiparticle fraction f . Since the coefficients α , β and γ are a priori unknown, they
will need to be determined from experiment, by fitting the predicted shapes (1-3) to the data.
The general solution for the couplings can be written in terms of the measured parameters α , β and γ , as
|aL|= 1√2
(
1± 1β
√
αβγ
) 1
2
, |aR|= 1√2
(
1∓ 1β
√
αβγ
) 1
2
,
|bL|= 1√2
(
1± 1γ
√
αβγ
) 1
2
, |bR|= 1√2
(
1∓ 1γ
√
αβγ
) 1
2
,
|cL|= 1√2
(
1± 1f− f¯ 1α
√
αβγ
) 1
2
, |cR|= 1√2
(
1∓ 1f− f¯ 1α
√
αβγ
) 1
2
,
(4)
where the appearance of the ± sign is due to the two-fold ambiguity in the definition of chirality, i.e., we can only
measure the chirality of the three different vertices in Fig. 2 only relative to each other. Note that there are conditions
on α , β and γ . The product αβγ is always non-negative. Furthermore, from their definitions it also follows that
|αβ | ≤ |γ|, |βγ| ≤ |α| and |γα| ≤ |β |. Therefore all square roots in above equations are well behaved and never yield
any imaginary solutions. It is interesting to note the dependence on the particle-antiparticle fraction f . We see that for
any given measurement of α , β and γ , the effective couplings |aL|, |aR|, |bL| and |bR| associated with the particle A
and particle B vertices of Fig. 2 can be uniquely determined, up to the two-fold L↔ R ambiguity. Although we do not
know the exact value of f , consistency of above equations restricts the allowed values of f to be in the range
0≤ f ≤ 1
2
(
1−
√
βγ
α
)
or
1
2
(
1+
√
βγ
α
)
≤ f ≤ 1 . (5)
The allowed range for f splits into two separate intervals. At a pp collider like the LHC, in general we expect f > 12 ,
so we should select the higher f range in eq. (5), while the lower f range in eq. (5) would be relevant for a hypothetical
p¯ p¯ collider (“anti-LHC”):
LHC(pp) :
1
2
(
1+
√
βγ
α
)
≤ f ≤ 1 , (6)
anti−LHC(p¯ p¯) : 0≤ f ≤ 1
2
(
1−
√
βγ
α
)
. (7)
While eq. (6) is not a real measurement of the value of f at the LHC, it nevertheless contains very important
information. For example, if the measured values of α , β and γ happen to be such that |βγ| ≈ |α|, then f becomes
very severely constrained, and the restriction (6) by itself is sufficient to yield a measurement of the value of f : f ≈ 1.
All these methods are developed analytically and all functions are derived in literature [10]. However it is very
important to illustrate the methods including appropriate detector simulation and backgrounds. Also decays of vector
particles are missing in the spin configuration.
Spin measurements from production cross-sections: The spin of the new particles can also be inferred from the
threshold behavior of their production cross-section [41]. For an s-channel diagram mediated by a gauge boson, the
pair production cross-section for a spin-0 particle behaves like σ ∼ β 3 while the cross-section for a spin- 12 particle
behaves as σ ∼ β , where β =
√
1− 4m2s , and
√
s is the total center-of-mass energy, while m is the mass of the new
particle. At lepton colliders the threshold behavior can be easily studied by varying the beam energy and measuring
the corresponding total cross-section, without any need for reconstructing the kinematics of the missing particles. In
contrast, at hadron colliders the initial state partons cannot be controlled, so in order to apply this method, one has to
fully reconstruct the final state, which is rather difficult when there are two or more missing particles.
The total production cross-section may also be used as an indicator of spin [42]. For example, the total cross-
sections of the fermion KK modes in UED are 5-10 times larger than the corresponding cross-sections for scalar
superpartners of the same mass. However, the measurement of the total cross-section necessarily involves additional
model-dependent assumptions regarding the branching fractions, the production mechanism, etc.
Spin measurements from angular distributions: Perhaps the most direct indication of the spin of the new
particles is provided by the azimuthal angular distribution at production [41]. Assuming a pair production through
an s-channel gauge boson, the angular distribution for a spin-0 particle is ∼ (1− cos2 θ), where θ is the azimuthal
production angle in the center-of-mass frame. In contrast, the distribution for a spin- 12 particle is ∼ (1 + cos2 θ).
Unfortunately, reconstructing the angle θ generally requires a good knowledge of the momentum of the missing
particles, which is only possible at a lepton collider. Applying similar ideas at the LHC, one finds that typically quite
large luminosities are needed [43].
Spin measurements from quantum interference: When a particle is involved in both the production and the
decay, its spin s can also be inferred from the angle φ between the production and decay planes [44]. The cross
section can be written as
dσ
dφ
= a0 +a1 cosφ +a2 cos2φ + · · ·+a2s cos2sφ . (8)
By measuring the coefficient a2s of the highest cos mode, one can in principle extract the spin s of the particle. This
method is especially useful since it does not rely on the particular production mechanism, and is equally applicable
to s-channel and t-channel processes. However, its drawback is that the φ dependence results from integrating out all
other degrees of freedom, which often leads to a vanishing coefficient as a result of cancellations, for instance, in the
case of a purely vector-like coupling, or in the case of a pp collider like the LHC. As a result, the practical applicability
of the method is rather model-dependent.
STABILITY AND ASYMMETRIC EVENT TOPOLOGIES
Tremendous amount of effort has been made to reconstruct events with dark matter candidate at the LHC in order
to determine the masses of the DM, the mother particles and possibly intermediate particles in the decay chains.
Most studies consider a Z2-parity for the stability of dark matter. This is because the most popular models, e.g.
FIGURE 3. Contour plot of ∆MT 2(max) = MT 2(max)(PUT M = 1 TeV)−MT 2(max)(PUT M = 0 TeV) in the (M˜(a)c ,M˜(b)c ) plane, for
identical daughters of mass 100 GeV (in left), and non-identical daughters of masses (300, 500) GeV (in right). The mother particles
masses are 300 and 600 GeV, respectively. Notice that the minimum of the ∆MT 2(max) function is now obtained at M˜
(a)
c = M˜
(b)
c in the
left, implying that the two missing particles are the same, while in the right it is not. The solid black curve indicates the location of
the MT 2(max) ridge. Only the point corresponding to the true children masses (the green dot) satisfies the PUT M invariance condition
∆MT 2(max) = 0. Taken from Ref. [47].
supersymmetric (SUSY), little Higgs and extra-dimensional scenarios, all ensure the dark matter candidates remain
stable by employing a Z2 stabilization symmetry. However, any discrete or continuous global symmetry can be used
to stabilize dark matter. Furthermore, because all fundamental particles in nature are defined by how they transform
under various symmetries, most of the popular (Z2) models actually consider only one type of DM candidate. It is
therefore critical to determine experimentally, i.e., without theoretical bias, the nature of the symmetry that stabilizes
dark matter. Distinguishing dark matter stabilization symmetries has been investigated utilizing multiple kinematic
edges, cusps, and shape of MT 2 in Refs. [45, 46], where especially Z3 symmetry is compared to Z2. It also also noticed
that the cusp is generally invariant of the various spin configurations.
In Ref. [47] similar questions are asked in a different way: if there is more than one candidate, can we distinguish
them? One can generalize analysis to the case with two non-identical daughter particles, which makes the MT 2 as a
function two test masses and the one dimensional relation becomes a surface in 3 dimensional mass space [47]. Fig. 3
shows two examples: one for the identical daughters and the other for non-identical daughters. The ∆MT 2(max) function
plotted there is the difference between two MT 2’s with or without ~PT (upstream transverse momentum). By looking at
this figure, one can recognize whether two missing particles are identical or not from the shape of contours [47]. We
do not know, a priori, whether missing energy originates from one particle or two or more. Further more, we do not
know whether they are the particles of the same mass!
Possible applications of the asymmetric MT 2 idea are as follows. (i) Invisible decays of the next-to-lightest particle.
Most new physics models introduce some new massive and neutral particle which plays the role of a dark matter
candidate. Often the very same models also contain other, heavier particles, which for collider purposes behave
just like a dark matter candidate: they decay invisibly and result in missing energy in the detector. For example,
in supersymmetry one may find an invisibly decaying sneutrino, ν˜` → ν`χ˜01 . (ii) Applying MT 2 to an asymmetric
subsystem. One can apply the MT 2 idea even to events in which there is only one (or even no) missing particles to
begin with. Such an example is tt¯ production in the dilepton or semi-leptonic channel. In the first leg we can take b`
as our visible system and the neutrino ν` as the invisible particle, while in the other leg we can treat the b-jet as the
visible system and the W -boson as the child particle. In this case, there still should be a ridge structure revealing the
true t, W and ν masses. (iii) Multi-component dark matter. Of course, the model may contain two (or more) different
genuine dark matter particles, whose production in various combinations will inevitably lead at times to asymmetric
event topologies.
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Fig. 3 Distributions of the three kinematic distributions µ!!, µbb,
and Mb!. Data (5.0 fb−1) are shown with error bars. MC simulation
is overlaid in solid color to illustrate the approximate tt signal and
background content of the distributions. The backgrounds contained
in “Other” are listed in Table 1. The zero-bin of the µ!! plot is sup-
pressed for clarity. The Mb! plot contains multiple entries per event
(see Sect. 5.3 for details). In all cases, the simulation is normalized to
an integrated luminosity of 5.0 fb−1 with next-to-leading-order (NLO)
cross sections as described in the text
We can now summarize the mass measurement strategy.
If the masses Mt, MW, and mν were unknown, one would
measure the two endpoints and the invariant mass that ap-
pear on the left-hand sides of Eqs. (4.5)–(4.7), using arbi-
trary test mass values for the first two, to obtain three inde-
pendent equations for the three unknown masses. Then, in
principle, one solves for the three masses. In practice, the
measurements carry uncertainties and an optimum solution
must be determined by a fit. In the case when one or more
of the masses is known, a constrained fit can improve the
determination of the remaining unknown mass(es).
In Fig. 3 we show distributions for the three observables
µ!!, µbb, and Mb!. Here and throughout this paper, the zero
bin of the µ!! distribution, corresponding to the delta func-
tion of Eq. (4.4), is suppressed to emphasize the kinemat-
ically interesting component of the shape. In the µbb plot
shown here, the prominent peak that dominates the figure is
an analog of the delta function in µ!!, its substantial width
being due to the variable mass of the jets that enter into the
µbb calculation. As with the µ!! delta function, the peak
arises from events where the axis of the upstream PT falls
between the two visible-object pT vectors. In later plots this
µbb peak will be suppressed to better reveal the behavior of
the distribution in the endpoint region.
The agreement between data and MC is generally good,
but the comparisons are for illustration only and the analysis
and results that follow do not depend strongly on the MC
simulation or its agreement with observation.
5 Backgrounds
The two-lepton requirement at the core of the event selec-
tion ensures an exceptionally clean sample. Nevertheless a
Table 1 Estimate of signal and background composition in MC sim-
ulation, normalized to an integrated luminosity of 5.0 fb−1 and NLO
cross sections as described in the text
Process Number of events
tt signal (no τ ) 7000
tt signal (τ→ !ν) 1100
Single top (tW, t¯W) 270
Drell–Yan 77
Hadronic/Semileptonic tt with misreconstructed
lepton(s)
55
Dibosons (WW, ZZ, WZ) 14
W + jets 9
few types of background must be considered, including top-
quark decays with τ -lepton daughters, pp→ tW events, and
sub-percent contributions from other sources.
5.1 Physics backgrounds
The physics backgrounds consist of tt decays that do not
conform to the dilepton topology of interest, as well as non-
tt decays. Table 1 shows the estimation of signal and back-
ground events in MC simulation. The MC generators used
throughout this study are MC@NLO 3.41 [29] for all tt sam-
ples, PYTHIA 6.4 [30] for the diboson samples, and MAD-
GRAPH 5.1.1.0 [31] for all others. The simulated data sam-
ples are normalized to 7 TeV NLO cross sections and an
integrated luminosity of 5.0 fb−1.
Events in which a top quark decays through a τ lepton
(e.g. t→ bτ+ντ → b!+ν!ν¯τ ντ ), constitute about 13 % of
the events surviving all selection requirements. From the
point of view of event selection, these events are back-
FIGURE 4. Distributions of the three kinematic distributions, µ``, µb` and Mb`. Taken from Ref. [50].
OUTLOOK
These kinematic variables not only provide information of masses and spins but are also very useful for background
rejection since we know what is expected in SM. They guide s where to look in search for new ph sics. Therefore they
can be used for discovery as well as measurements. They are also used to und rstand combinatorial backgrounds in
events. Especially MT 2 and invariant mass methods have been considered often and their usefulness has been illustrated
in Ref. [48]. Consider a pair production of gluinos and their three-body decays to neutralinos giving 4 j + /ET as the
signal. Suppose the five hardest jets are selected. Excluding a jet, say the i-th jet (i = 1, . . .5), one can form M(i)T 2 = MT 2
with the rest of the 4 jets. Then min(MiT 2) is guaranteed to be bounded by the expected maximum endpoint and the
minimum selects which jet should be the ISR jet. Statistically this method gives correct PT and η distributions of an
ISR jet. This idea can be applied to the tt¯ system to resolve a combinatorial issue with b-jets and a lepton (or two
leptons). This greatly improves probability of finding a correct pair [49]. This observation de erv s more attention and
needs detailed simulation including backgrounds.
These methods are not only used for new physics search but also used for SM physics [50]. Recently CMS
investigated a simultaneous measurement of the top-quark, -boson, and neutrino masses in the dilepton final state
from a data sample corresponding to an integrated luminosity of 5.0 fb−1 collected at
√
s = 7 TeV. The analysis is
based on endpoint determinations in kinematic distributions. When the neutrino and W-boson masses are constrained
to their world-average values, a top-quark mass value of Mt = 173.9± 0.9(stat.)+1.7−2.1(syst.) GeV is obtained. When
such constraints a e not used, the three particle masses are obtained in a simultaneous fit. In this unconstrained mode
the study serves as a test of mass determination metho s that may be used in beyond standard model physics scenarios
where several masses in a decay c ain may b unk own and undetected particles lead to under-constrained kinematics.
Fig. 4 shows kinematic distributions o µ``, µbb and Mb` with data taken by CMS collaboration. The µ`` variable,
known as M220T 2⊥, uses the two leptons of the tt¯ dilepton decays, treating the neutrinos as lost child particles, and
combining the b-jets with all other upstream momentum in the event. The µbb variable, known as M221T 2⊥, uses the
b-jets, and treat the W bosons as lost child particles (ignoring the fact that their charged daughter leptons are in
fact observable). It considers only ISR jets as generators of upstream momentum. Together with the invariant mass
distribution, Mb`, MT 2 subsystem can be constructed for determination of all three masses.
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